Abstract. We obtain a new sufficient condition for the continuity of the Bergman projection in tube domains over symmetric cones using multifunctional embeddings. We also obtain some embedding relations between the generalized Hilbert-Hardy spaces and the mixed-norm Bergman spaces in this setting.
Introduction and statements of the results
Let T Ω = V +iΩ be the tube domain over an irreducible symmetric cone Ω in the complexification V C of an n-dimensional euclidean space V . Following the notation of [7] we denote the rank of the cone Ω by r and by ∆ the determinant function on V . Letting V = R n , we have as an example of a symmetric cone on R n the Lorentz cone Λ n which is a rank 2 cone defined for n ≥ 3 by Λ n = {y ∈ R n : y Let us introduce some convenient notation regarding multi-indices. If t = (t 1 , . . . , t r ), then t ⋆ = (t r , . . . , t 1 ) and, for a ∈ R, t+a = (t 1 +a, . . . , t n +a). Also, if t, k ∈ R n , then t < k means t j < k j for all 1 ≤ j ≤ r. We are going to use the following multi-index
, where (r − 1) d 2 = n r − 1.
For 1 ≤ p, q < +∞ and ν ∈ R r , we denote by A p,q ν (T Ω ) the mixed-norm Bergman space consisting of analytic functions f in T Ω such that
where ∆ ν is the generalized power function to be defined in the next section. The space A p,q ν (T Ω ) is nontrivial if and only if ν > g 0 , see [6] . When p = q we write A ν , see [7] . Here we used notation dV ν (w) = ∆ ν− n r (v)dudv, where w = u + iv ∈ T Ω . The problem of boundedness of the Bergman projection on tube domains over symmetric cones has been considered by several authors (see [1] , [4] , [2] , [3] and references therein) and still remains open. The best known results have been obtained in [9] in the setting of the light cone. Recently, an equivalent condition for the boundedness of the Bergman projection in terms of Hardy-type inequalities and duality was obtained in [3] . We introduce here the operators T β , β = (β 1 , . . . , β m ) which generalize the Bergman projection and are defined by
where
Combining classical arguments with integrability properties of the Bergman kernel and determinant function we obtain the following sufficient condition for the boundedness of the operator T β from the product space
. The idea to consider such multifunctional operator is motivated by [10] . Some results of this paper are analogous to results of [10] proven in the case of the unit ball in C n . We note here that almost all multifunctional results of this paper are well known in the case m = 1. For example, the case m = 1 of the following theorem is contained in [4] .
If the parameters satisfy the following conditions
min
Among our applications of the above result, we obtain a sufficient condition for the boundedness of the Bergman projection in terms of the reproducing formula, which is new in this setting. More precisely, we prove the following theorem. 
for some sufficiently large β and all z 1 , z 2 in T Ω , then the Bergman projection P ν is bounded on L p ν (T Ω ). In this theorem the weights ν and β are taken real, but the result generalizes directly to the vector weight case. The condition "β is sufficiently large" is related to the boundedness conditions for the Bergman kernal and determinant function. For example, a necessary condition for the boundedness of the Bergman projection
, where 1/p + 1/p ′ = 1, 1/q + 1/q ′ = 1, and this can only happen for large values of β for p, q and ν fixed, see [11] .
The second problem considered in this paper is the embedding relation between some generalization of the classical Hardy spaces and the weighted mixed norm Bergman spaces in tube domains over general symmetric cones. Let H p (T Ω ) denotes the holomorphic Hardy space on the tube domain, i.e. the space of holomorphic functions f on T Ω such that
Following [8] , we extend the above definition of Hardy spaces to a more general family of spaces H p µ (T Ω ) for any locally finite and quasi-invariant measure µ supported on Ω. The space
In particular, if µ = δ 0 , this space coincides with the classical Hardy space and if µ is the Lebesgue measure, it coincides with the Bergman space A p (T Ω ). We are going to consider only those measures µ which are obtained by analytic continuation from the family dµ s of measures
where Γ Ω denotes the gamma function of the cone Ω defined in the next section. More precisely, in the family {µ s } s∈C r of tempered distributions we consider only those which are positive measures. These measures come from a characterization of Gindikin (see [8] or Theorem VII 3.2. of [7] ) and correspond to those s = (s 1 , . . . , s n ) ∈ C r which belong to the following Wallach set
We are interested in the embedding relations between H p µ (T Ω ) and A p,q ν (T Ω ), µ = µ s , s ∈ Ξ and ν ∈ R r . When V = R n we prove the following sharp result.
Theorem 3. Let s ∈ Ξ, µ = µ s , ν ∈ R r and ν > g 0 . Then for 2 ≤ p, q < ∞ with We note that for the sufficiency part of the above theorem it suffices to prove that
This is an easy consequence of the embedding relations between Bergman spaces. The condition u 2 s > g 0 shows that for s fixed, u should be sufficiently large and so this theorem is not applicable in all cases. Moreover, it is clear that the usual Hardy space H 2 is not covered by this theorem.
Again, we note that the sufficiency part of this theorem can be reduced to the proof of the embedding
The necessity parts of Theorems 3 and 4 follow exactly as in Proposition 2.25 of [6] with the use of norm identity provided in Proposition 3.1 of [8] for H 2 µ (T Ω ). In order to prove sufficiency, we heavily rely on Paley-Wiener theory in this setting. The only difference with the one-dimensional case is that one has to deal with the beta function of the tube domain with respect to the rotated Jordan frame. That is, one needs a version of Theorem VII 1.7. of [7] where the generalized determinant function is replaced by the one corresponding to the rotated Jordan frame. This version has been obtained in the forthcoming work [5] .
Finally, throughout this paper C or c denote positive constants, not necessarily the same at different occurences; dependence on parameters is indicated by subscripts. Given two quantities A and B, the notation A B means that there is an absolute constant C such that A CB. When both A B and B A hold we write A ≈ B.
Preliminaries and auxiliary results
For reader's convenience, we collect in this section some definitions and results that are used in this paper, they are essentially contained in [7] .
Symmetric cones and the generalized determinant function.
Let Ω be an irreducible open cone of rank r in an n-dimensional vector space V endowed with an inner product (·/·) for which Ω is self-dual. Let G(Ω) be the group of transformations of Ω and G its identity component. It is well known that there is a subgroup H of G acting simply transitively on Ω, i.e. for every y ∈ Ω there is a unique g ∈ H such that y = ge, where e is a fixed element in Ω.
We recall that Ω induces in V a structure of Euclidean Jordan algebra with identity e such that Ω = {x
We can identify (since Ω is irreducible) the inner product (·/·) with the one given by the trace on V : (x/y) = tr (xy), x, y ∈ V. Let {c 1 , . . . , c r } be a fixed Jordan frame in V and
be its associated Pierce decomposition of V . We denote by ∆ 1 (x), . . . , ∆ r (x) the principal minors of x ∈ V with respect to the fixed Jordan frame {c 1 , . . . , c r }. More precisely, ∆ k (x) is the determinant of the projection P k x of x in the Jordan subalgebra
Next, we recall the definition of generalized gamma function associated to Ω:
This integral converges if and only if ℜs
In that case we have a formula:
see Chapter VII of [7] for details. We have the following result on the Laplace transform of the generalized power function (see Proposition VII.1.2 and Proposition VII.1.6 in [7] ).
Here, y = he if and only if y −1 = h * −1 e with h ∈ H and ∆ * j , j = 1, . . . , r are the principal minors with respect to the rotated Jordan frame {c 1 , . . . , c r }.
The beta function of the symmetric cone Ω is defined by the following integral
where p and q are in C r . When ℜp j , ℜq j > (j − 1) d 2 the above integral converges absolutely and
(see Theorem VII.1.7 in [7] ). Let m be an element of G e , the stabilizer of e in G such that
Then for any y ∈ Ω and s ∈ C r , ∆ * s (y) = ∆ s (m −1 y) (see [7] , page 127). Using this identity, one obtains as in the proof of Theorem VII.1.7. of [7] the following result (see [5] for details).
Lemma 2. Let y ∈ Ω. The integral
Bergman spaces and integrability of the Bergman kernel function.
Let us recall some estimates for the functions in the Bergman space or the projections of the functions in L p,q ν (T Ω ). We begin with a pointwise estimate of elements in A p,q ν (T Ω ). The following lemma follows from the invariance of the Bergman spaces with respect to the transformation group G(Ω) (see [6] ).
We also need a pointwise estimate for the Bergman projection of functions in L p,q (T Ω ), defined by integral formula (1), when this projection makes sense. Let us first recall the following integrability properties for the determinant function. 
) if and only if ℜs > g 0 and ℜ(s + β) < g * 0 . In that case we have
We refer to Corollary 2.18 and Corollary 2.19 of [6] for the proof of the above lemma. Let τ denotes the set of all triples (p, q, ν) such that 1 ≤ p, q < ∞, ν > g 0 and the function B ν (·, ie) belongs to L
We have the following pointwise estimate.
Proof. This is an easy consequence of the above lemma and Hölder's inequality.
We conclude this section with a useful embedding relation between mixed norm Bergman spaces (see [6] for an alternative proof). 
see [5] and [4] . From this and embeddings between l p spaces we obtain
For the converse, we test with functions B µ (·, 
Bergman-type operators and multifunctional embeddings
We denote by = ∆( 1 i ∂ ∂x ) the partial differential operator of order r on R n defined by (8) [e i(x|ξ) ] = ∆(ξ)e i(x|ξ) , x, ξ ∈ R n .
Multifunctional Bergman-type operators. Now we investigate boundedness of
. We apply the obtained result to multifunctional embeddings for functions in the Bergman spaces A p ν (T Ω ) where ν > n r − 1 and 1 ≤ p < ∞. We begin with the following result, which is known in the case m = 1, see [4] .
The idea of proof is taken from [10] .
Proof. Using Hölder inequality we obtain
and
Let us choose γ j such that γ j >
Then we estimate the integral J using Hölder's inequality and Lemma 4:
Hence we obtained:
Using the estimate (13) and Lemma 4 we finally obtain
Thus, if we finally choose α j and γ j such that (12) holds and, for every j = 1, . . . , m, we have
then an application of Lemma 4 gives estimate
Finally, using Hölder's inequality we obtain
An analogue of the following lemma in the setting of the unit ball in C n is contained in [10] . Note that the case m = 1 is obvious. 
finishes the proof since the last expression is equal to
. A complete analogue of the following multifunctional result in the setting of the unit ball in C n can be found in [10] .
Theorem 6. Let ν k > n r for 1 ≤ k ≤ m, m > 1. Let 1 ≤ p < ∞ and suppose that β j are sufficiently large so that for any sequence (z j ) m j=1 in T Ω the following representation holds for f 1 , . . . , f m ∈ H(T Ω )
Assuming none of the functions f k is identically zero, the following statements are equivalent. 1) There is a constant C > 0 such that
Proof. We have already seen that 2) ⇒ 1) independently of the representation formula (15). Let us prove implication 1) ⇒ 2) assuming (15). Since the functions f j are not identically zero, condition
. . , m. Now, using the representation (15) we obtain
The proof of Theorem 5 gives
, the following operators:
If the parameters satisfy conditions (2), (3), and (4), then the operators S β k and S β are bounded from
Proof. Clearly we only need to prove the result for S β k for fixed k. An inspection of the proof of Theorem 5 and Lemma 5 give
, and the proof is complete. As a consequence we have the following result.
Theorem 8. Suppose (ν k , p) ∈ σ for k = 1, . . . , m. Suppose also that, for β j large enough, the following representation
We also have the following corollary which gives a sufficient condition for boundedness of the Bergman projection.
Proof. Using Lemma 5 we clearly have
Now, following the proof of Theorem 7 we obtain
3.2.
Multifunctional inequalities involving Bergman projection or the box operator. Next we derive multifunctional inequalities involving the Bergman projection or the box operator. As a preparation, we first prove the following elementary proposition.
Proof. Suppose P ν is bounded on L p ν (T Ω ). Then using Lemma 5 we obtain, for any f ∈ L p ν (T Ω ):
Proof. Using the above proposition, Hölder's inequality and Lemma 5 we obtain
It is well-known that the operator satisfies the following boundedness estimate
see [4] . It follows, using Hölder's inequality, that for 1 ≤ p < ∞ and q < p
Our goal is to obtain a multifunctional version of the above estimate. To this end, we introduce the following operator, which we still denote by , defined for pointwise products of holomorphic functions:
We note that the inside the sum is the usual as defined at the beginning of this section. The next theorem generalizes (22), this idea appeared in [10] .
Proof. Using Minkowski's inequality, the pointwise estimate for functions in A p ν (T Ω ) and the estimate (22) we obtain
Paley-Wiener representation and embeddings
We make use of Paley-Wiener theory in this section to prove Theorem 3 and Theorem 4. From now on we fix a measure µ = µ s , where s ∈ Ξ. We recall that H 2 µ (T Ω ) is a Hilbert space and we use notation from [8] :
The following Paley-Wiener characterization of functions in H 2 µ (T Ω ) has been obtained in [8] .
As remarked in the introductory section, we only need to show the following result in proving Theorem 3. , and this is clearly finite. We now give a proof of the following result, which, as remarked in the first section, implies Theorem 4.
Theorem 12. Let s ∈ Ξ, µ = µ s . For all 4 ≤ q < ∞ we have 
